18.152 PROBLEM SET 1 SOLUTIONS

DONGHAO WANG

1. PROBLEM 4

Most students figured this problem out. Here is a general tip: when-
ever you cite a theorem, try to verify the conditions of that theorem
carefully. In this way, you can realize why some assumptions in the
problems are necessary.

Proof. Problem 4(1). The idea is to apply the maximum principle,
either Theorem 1 or Corollary 2 from Lecture Note 1. As u is a smooth
solution to the Cauchy-Neumann problem:

(1) u(z,t) = uge(x,t), Yo e [0,L],t =0,
(2) ug(x,t) =0, Yr e {0,L},t =0,
(3) u(z,0) = g(x), Yo e [0, L].

By Corollary 2, for any x € [0, L] and ¢t = 0, we have

t) < < .
u(z,t) xrer%ggg]g(x) Jnax l9(z)]

Note that we can apply Corollary 2 also to —u, as it solves the equation
(—u)p(z,t) = (—u)y(x,t), Yre[0,L],t =0,
(—u)z(x,t) =0, Y e {0, L}, t =0,
(—u)(z,0) = (=g)(x), Vo € [0, L].
As a result,

—u(x.t) < — < .
u(z,t) ﬁ%gjﬁ( 9)(x) Jnax lg(z)]

In all, we have |u(z,t)| < maxgepo,z) |g(x)| for any x € [0, L] and ¢ > 0.
Problem 4(2). Set
L,

ug? + Zu?

t f—
w(t, ) = 7 2
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By direct computation, we have

L ey 2 .
Wy = ———|uy ——— Uy Uy + Ugll,
L +1)? 1+t o
2t ( )+
Wy = 77—/ UgUyy z W,
2t (u2, + ) +ul +
Wry = 7—— Uy, Uz Ugzx U, Uz U
1+t
2t
=—1+t(uiw+uxumt)+u§+utu,
i 2t |
2 2
— Wy = — x| T 11— x <0.

Problem 4(3). By Problem 4(2), the function w satisfies the following
conditions:

(4) wy(x,t) < Wee(x,t), Ve e [0,L],t =0,
(5) wy(z,t) =0, Ve e {0,L},t >0,
(6) w(z, 0) %QZ(@, vz e [0, L)

Only the boundary condition requires some explanation. Indeed,
by @),
We(x,t) = ——Uuptiyy + uzu = 0if x =0 or L.
1+t
Now apply Corollary 2, so
1

2
— = 0 2 s
H%&}X] g(I) H%&}X] w(m, ) max] w(x 15)

In other words,
1+t
2 2
T I’, t < max
|u | ( ) 2t me[(?,L] g(m)

for any x € [0, L] and ¢ > 0. O
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